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Minimize $J(x, u)=l(x(T))+ \int_{0}^{\mathrm{J}}L(t, x(t),$ $u(t))dt$
$(C)$ subject to $\dot{x}(t)=f(t, X(t),$ $u(t)),$ $X(\mathrm{O})=x_{0},$ $k(x(T))=0$
$u\in U=\{u|g(u)\leq 0, h(u)=0\}$ ,
$x\in AC([0, T];Rn)$ , $u\in L_{\infty}([0, T];Rm)$
$U\subset R^{m},$ $L:[0,1]\cross R^{n}\cross R^{m}arrow R$ , $f$ : $[0,1]\cross R^{n}\cross R^{m}arrow R^{n}$
$f(t, \cdot, \cdot)$ , $L(t, \cdot, \cdot)$ $\{(x, u)| ||x-\overline{X}(t)||<\mathcal{E}, ||u-\overline{u}(t)||<\in\}$ $(x, u)$ 2
$g(\cdot),$ $h(\cdot)$ $\{u| ||u-\overline{u}(t)||<\epsilon\}$ 2 $k:R^{n}arrow R^{r_{\text{ }}}$
$l$ : $R^{n}arrow R$ $\{x| ||x-\overline{x}(T)||<\in\}$ $C^{2}- \mathrm{c}\mathrm{l}\mathrm{a}\mathrm{s}\mathrm{S}_{0}g:R^{m}arrow R^{s},$ $h:R^{m}arrow R^{s}$
$\{u| ||u-\overline{u}(t)||<\epsilon\}$ $C^{2}- \mathrm{c}18\mathrm{S}\mathrm{s}$ $x_{0}$ $T$ fix point
$(\overline{x},\overline{u})$ $J(x, u)\geq J(\overline{x},\overline{u})$ $(\overline{x},\overline{u})$
$(C)$ $(C)$
$(\overline{x},\overline{u})$ L(t) $=L(t,\overline{X}(t),\overline{u}(t)),\overline{h}(t)=h(t,\overline{u}(t))$ etc.
$(\overline{x},\overline{u})\in PWS([\mathrm{o}, T];R^{n})\cross PWC([\mathrm{o}, \tau];R^{m})$ Zeidan
conjugate point [$2|$
l.strengthened Legendre condition
$v\overline{H}_{uu}(t)v>0\forall_{v}$ satisfying $\overline{h}_{u}(t)v=0,\overline{g}_{ju}(t)v\leq 0(j\in I(t))$
$I(t):=\{j\in\{1,2, \cdots,m\}|\overline{g}_{j}(t)=0\}$
$2.[0, t](^{\forall_{t}}\in[0, T])-\llcorner$ strengthened normality condition
$\{$
$-\dot{p}=\overline{f}_{x}^{*}p$
$p^{*}\overline{f}_{u}v=0\forall_{v}$ satisfying $\overline{h}_{u}v=0,\overline{g}_{ju}v\leq 0(j\in I(t))$ on $[0, t]$ $\Rightarrow p\equiv 0$
$3.[t, T](^{\forall}t\in[0, T])$ -\llcorner strengthened normality condition
$\{$
$-\dot{p}=\overline{f}_{x}^{*}p$
$p(T)=\nabla\overline{k}(\tau)^{\exists_{\mathcal{U}}}$ $\Rightarrow p\equiv 0$
$p^{*}\overline{f}_{u}v=0^{\forall}v$ satisfying $\overline{h}_{u}v=0,\overline{g}_{ju}v\leq 0(j\in I(t))$ on $[t,T]$
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1, 2, 3 $U=R^{m}$
Example 1
Minimize $\int_{0}^{1}\sqrt{\alpha^{2}(t)+\beta^{2}(t)\cos 2\alpha(t)}dt$
subject to $\alpha(0)=0,$ $\beta(0)=0,$ $\alpha(1)=0,$ $\beta(1)=\frac{3}{2}\pi$
$x^{2}+y^{2}+z^{2}=1$ $(1, 0,0)_{\text{ }}(0, -1,0)$









$\bullet$ Euler-equation $( \frac{d}{dt}\overline{L}_{\dot{\alpha}}=\overline{L}_{\alpha}, \frac{d}{dt}\overline{L}_{\dot{\beta}}=\overline{L}_{\beta})$
$\overline{L}_{\alpha}=\frac{-\dot{\beta}^{2}(t)\cos\alpha\sin\alpha}{\sqrt{\alpha^{2}(t)+\beta^{2}(t)\cos 2\alpha(t)}}$, $\overline{L}_{\dot{\alpha}}(t)=\frac{\dot{\alpha}(t)}{\sqrt{\alpha^{2}(t)+\beta^{2}(t)\cos 2\alpha(t)}}$ ,




$\overline{L}_{\beta}=0$ , $\overline{L}_{\dot{\beta}}=\frac{\cos^{2}\pi t}{\sqrt{4+\cos^{2}\pi t}}$
$\frac{d}{dt}\overline{L}_{\dot{\beta}}(\frac{1}{4})\neq\overline{L}_{\beta}(\frac{1}{4})$
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dre condition $((\xi, \eta)\nabla_{(\dot{\alpha},\dot{\beta})^{L}}^{2}\geq 0$ for all $(\xi, \eta)\in R^{2})$
$\overline{L}_{\dot{\alpha}\dot{\alpha}}=\frac{\dot{\beta}^{2}(t)\cos 2\alpha(t)}{\sqrt{\alpha^{2}(t)+\beta^{2}(t)\cos 2\alpha(t)}^{3}}$ , $\overline{L}_{\dot{\alpha}\dot{\beta}}=\frac{\dot{\alpha}(t)\dot{\beta}(t)\cos 2\alpha(t)}{\sqrt{\alpha^{2}(t)+\beta^{2}(t)\cos 2\alpha(t)}^{3}}$
$\overline{L}_{\dot{\beta}\dot{\beta}}=\frac{\dot{\alpha}^{2}(t)\cos 2\alpha(t)}{\sqrt{\alpha^{2}(t)+\beta(t)^{2}\cos^{2}\alpha(t)}^{3}}$
$a(t),$ $b(t)$ Legendre condition
$( \xi, \eta)=\frac{2}{3\pi}\xi^{2}$ , :
$( \xi, \eta)(\frac{}{\sqrt{4+\cos^{2}\pi t}^{3}}\frac{z\cos^{-}\pi t}{\sqrt{4+\cos\pi t2}^{3},4\cos^{2}\pi t}$ $\frac{}{\sqrt{4+\cos\pi t2}^{3}}\frac{*\cos-\pi \mathrm{r}}{\sqrt{4+\cos\pi t2}^{3},8\cos^{2}\pi t})=\frac{2(\xi+2\eta)^{2}\cos^{2}\pi t}{\sqrt{4+\cos^{2}\pi t}^{3}}\geq 0$
$a(t),$ $b(b)$ { Legendre condition $a(t)$
$(0,1)=0$
1 strengthened Legendre condition
$a(t)$
strengthened normality conditions
– Zeidan [4] Loewen
$\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{d}$conjugate $\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$ [1] control $U$
$(x, u)\in PWS([0, T];R^{n})\cross PWC([0,\tau];Rm)$ generalized
conjugate point generalized conjugate
point 3 (strengthened Legendre condition, strengthened nor-
mality conditions)
conjugate point generalized conjugate point conjugate
point
Loewen generalized conjugate point
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Assumption A
$\overline{g}_{ju}(t)(j\in I(t)),\overline{h}_{u}(t)$ t $[0, T]$ full rank
$I(t)=\{j|\overline{g}j(t)=0\}$
Theorem 1 (Pontryagin’s $p\dot{n}ncip\iota e$ ) Assumption $A$ $(C)$ $(\overline{x},\overline{u})$
$(p, \lambda, \lambda_{0}, \gamma)\in AC([\mathrm{o}, 1];R^{n})\cross L_{\infty}([\mathrm{o}, 11;R^{S})\cross R\cross R^{r}$
$(a)$ $\lambda_{0}\geq 0,$ $\lambda 0+||\gamma||+||\lambda||\infty\neq 0$




$(d)$ ${\rm Min}\{\lambda_{0}L(t,\overline{x}, u)+p^{*}f(t,\overline{X}, u)|u\in U, ||u-\overline{u}(t)||<\epsilon\}$
$=\lambda_{0}\overline{L}+p\overline{f}*$ on $[0, T]$
$H=\lambda_{0}L(t, x, u)+p(t)^{*}f(t, x, u)+\mu(t)^{*}h(u)+\lambda(t)^{*}g(u)$
$\lambda$ $D(t):=\{j\in I(t)|\lambda(t)>0\}^{\exists},\overline{I}(t)\subset I(X)$ admissible
direction
$V(t)$$:=$






$w^{T}\overline{H}_{uu}(t)w\geq 0$ for all $w$ satisfying $\overline{h}_{u}(t)w=0,\overline{g}_{ju}(t)v\leq 0(j\in I(t))$
Definition 1Theoreml $(a),$ $(b),$ $(c),$ $(d’)$ \mbox{\boldmath $\lambda$}0, $p,$ $\gamma,$ $\lambda$
$(\overline{x},\overline{u})$ e#oemal
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Definition 2 $p$ $p\equiv 0$ e#remal $(\overline{x},\overline{u})$
$[0, T]$ $\nabla\overline{k}(T)$ -controllable( $[0,$ $T]$ strongly normal)
$-\dot{p}(t)=\overline{f}_{x}(t)*(pt)$
$p(T)=\nabla\overline{k}(\tau)^{*}r,$ $\exists_{r\in R^{r}}$
$p(t)^{*}\overline{f}_{u}(t)v(t)=0$ for all $v$ satisfying $v\in \mathcal{V}$ on $[$’, $\mathcal{T}]$
$(C)$ $(\overline{x},\overline{u})$ $[0, T]$ $\nabla\overline{k}(T)$-controllable Theorem 1
$\lambda_{0}\neq 0$
Definition 3 $\tau\in[0, T)$ $T$ generalized
conjugate point
(i) $\exists(y, q, v)\in AC\cross AC\cross \mathcal{V}$ , $y\not\equiv 0$ on $[\tau, T]$
$s.t$ . $\dot{y}=\overline{f}_{x}y+\overline{f}_{u}v$ , $y(\tau)=\nabla\overline{k}(T)y(T)=0$ ,
$-\dot{q}=f_{x}^{*}q+H_{x}yx+Hvxu$
$q(\tau)\neq 0$ , $q(T)=\{\nabla^{2}\overline{l}(\tau)+\gamma^{*}\nabla^{2}\overline{k}(T)\}y(T)+^{\exists}l^{*}\nabla\overline{k}(T)$
$<\overline{f}_{u}^{*}q+\overline{H}_{xu}y+\overline{H}_{uu}v,$ $v>\leq 0$ on $[\tau, T]$
(ii) (i) $(y, q, v)$
$(a)$ $\exists_{M\subset[0,T]},$ $\mu(M)>0$
$s.t$ . $<f_{u}^{*}q+H_{xu}y+H_{uu}v,$ $v><0$ on $M$
$(b)$ $\exists(\overline{y},\overline{v})\in AC\cross \mathcal{V}$
$s.t.\overline{y}=\overline{f}x\overline{y}+\overline{f}_{u}\overline{v},\overline{y}(0)=\nabla\overline{k}(T)\overline{y}(T)=0,\overline{y}(\tau)^{*}q(\tau)<0$
$<\overline{f}_{u}^{*}q+\overline{H}_{xu}y+\overline{H}_{uu}v,\overline{v}>\leq 0$ on $[0, T]$
Theorem 2 $U$
\hslash $\overline{u}$ Assumption $A$ [$0,$ $T|$ $\nabla\overline{k}(T)$ -controllable
$(0, T)$ generalized conjugate point
Loewen generalized conjugate point (i) $y\not\equiv$
$0$ on $[\tau, T]$ generalized con-
jugate point 3 (strengthened Legendre
condition, $[0, t],$ $[t, T]$ ( $\in[0,$ $T]$ strengthened normality condition)
Example 2
Minimize $\int_{0^{1}}\{\frac{1}{2}Xu^{2}\}1dt$
subject to $\dot{x}=-u_{1}+u_{2}$ ,
$x(0)=0,$ $u_{2}\geq u_{1}$
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$\dot{x}=u_{2}-u_{1}\geq 0$ $x$ $x(0)=0$ $x\geq 0$
$\int_{0}^{1}\{\frac{1}{2}xu_{1}^{2}\}dt\geq 0$
$(\overline{u}_{1},\overline{u}_{2},\overline{x})=(1,1,0)$ & $f=-u_{1}+u_{2},$ $H=p(-u_{1}+$
$u_{2})+ \frac{1}{2}xu^{2}+\lambda(1u_{1}-u2)$
$\overline{f}_{x}=0$ , $=(-1,1),\overline{H}_{xx}=\overline{H}_{u\cdot u}=0,\overline{H}_{xu}=(1,0)$
$(\overline{u},\overline{x})$ $(y, q, v)=(0, t-1, )$
$\dot{y}=\overline{f}_{x}y+\overline{f}_{u}v$ , $y( \frac{1}{2})=0$ , $q( \frac{1}{2})\neq 0$ ,
$-\dot{q}=\overline{f}_{x}^{*}q+\overline{H}xxy+\overline{H}xuv$




generalized conjugate point (i) $y\not\equiv \mathrm{O}$ on $[\tau, T]$
$y\equiv 0_{\circ}\mathrm{n}[\tau,$ $T|$ $\tau$
Example 1 (t) $a(t)$
$a(t),$ $b(t)$ Euler equation Legendre condition




$\overline{H}_{xx}=$ , $\overline{H}_{xu}=0$ , $\overline{H}_{uu}=$
$(y, q, v)=( ( \sin\frac{3\pi}{2}(10 - t)), , )$
(generalized conjugate point $(\mathrm{i})$ )
$\dot{y}=\overline{f}_{x}y+\overline{f}_{u}v=v$ , $y( \frac{1}{3})=y(1)=0$




$q$ $(\overline{y},\overline{v})=(, (-\pi\cos\pi(10 - t)$ ) $)$
(generalized conjugate point (ii) $(\mathrm{b})$ )
$\overline{y}=\overline{f}_{x}\overline{y}+\overline{f}_{u}\overline{v}=\overline{v}$ , $\mathit{9}(0)=\overline{y}(1)=0$ , $y.( \frac{1}{3})^{*}q(\frac{1}{3})=-\frac{\sqrt{3}}{2}<0$
$< \overline{f}_{u}^{*}q+\overline{H}_{xu}y+\overline{H}_{uu}v,\overline{v}>=\overline{v}_{1}\{q_{1}+\frac{2}{3\pi}v_{1}\}=0$ on $[0,1]$
$a(t)$ Example 1
control $U=\{u|h(t)=0\}$ $(C)$
$(\overline{x},\overline{u})\in AC([0, \tau];Rn)\cross L_{\infty}([0, T];Rn)$ Assrunption
$\mathrm{B}$ generalized conjugate point
Assumption $\mathrm{B}$
(i) $\nabla\overline{k}(T)$ : full rank
(ii) $\overline{h}_{u}(t)\overline{h}_{u}(t)^{*}:$ $[0, T]$ 1L
Theorem 3 $U=\{u|h(u)=0\}$
$(C)$ $(\overline{x},\overline{u})$ Assumption $B$ $[0, T]$ $\nabla\overline{k}(T)$ -controllable




subject to $\dot{x}=u_{1}+u_{2}$ ,
$x( \mathrm{O})=\frac{1}{2},$ $x(1)= \frac{3}{2},$ $u_{1}u_{2}=0$
$\overline{u}_{1}=\{01$ $\mathrm{o}\mathrm{n}(\frac{1}{2}\mathrm{o}\mathrm{n}[\mathrm{o},, \frac{1}{2}]1]$ , $\overline{u}_{2}=\{$ $01$ $\mathrm{o}\mathrm{n}(\frac{1}{2}\mathrm{o}\mathrm{n}[\mathrm{o},, \frac{1}{2}]1]’\overline{x}=t+\frac{1}{2}$
$\overline{h}_{u}=(\overline{u}_{2},\overline{u}_{1})=\{$
$(0,1)$ on $[0, \frac{1}{2}]$




$p=\{$ $-t- \frac{1}{2}-1$ $\mathrm{o}\mathrm{n}(\mathrm{o}\mathrm{n}[0,\frac{1}{2}]\frac{1}{2},1]$ , $\lambda=\{$
$-t+ \frac{1}{2}$ on
$[0, \frac{1}{2}]$ , $\nu=-\frac{3}{2}$
$t- \frac{1}{2}$ on $( \frac{1}{2},1]$
$(\overline{x},\overline{u})$ extremal
$\{$
$-\dot{p}^{=}\overline{H}_{x}=\overline{u}_{2}$, $p(1)=\iota \text{ }$
$0=\overline{H}_{u_{1}}=p+1+\lambda\overline{u}_{2}$
$0=\overline{H}_{u}=p2+X+\lambda\overline{u}_{1}$




$[ \frac{1}{4}, \frac{1}{2}]$ , $q=\{$
$-t+1$ on $( \frac{1}{2},1]$
$- \frac{1}{2}$ on $[ \frac{1}{4}, \frac{1}{2}]$
$t-1$ on $( \frac{1}{2},1]$
$v_{1}=\{02$ $\mathrm{o}\mathrm{n}(,1]\mathrm{o}\mathrm{n}[\frac{1}{\frac{41}{2}},\frac{1}{2}]$ , $v_{2}=\{$
$0$ on $[ \frac{1}{4}, \frac{1}{2}]$
$-1$ on $( \frac{1}{2},1]$
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(generalized conjugate point (i) (ii) $(\mathrm{a})$ ) $t= \frac{1}{4}$
generalized conjugate point




$<0$ on $[ \frac{1}{4}, \frac{1}{2}]$
$=0$ on ( $\frac{1}{2}$ ,
generalized conjugate point $t= \frac{1}{4}$ $(\overline{x},\overline{u})$
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